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Assuming that the classification theorem for finite simple groups is complete, a 
conjecture of M. Hall (Proc. Sympos. Pure Math. 6 (1962), 47-66; and in 
“Proceedings of the International Conference on Theory of Groups,” pp. 115-144, 
Australian National University, Canberra, Australia, 1965) that a Steiner triple 
system with a doubly transitive automorphism group is a projective or afline 
geometry, is verified. 
1. INTRODUCTION 
There is a long-standing conjecture of Hall ([4, p. 47; 5, p. 1361 but dating 
back to 1960) that a finite Steiner triple system that has a doubly transitive 
automorphism group is either a projective geometry over GF(2) or an affine 
geometry over GF(3). Such systems have been studied by many authors and 
results that bear out the conjecture have been obtained. 
If we now assume that the classification of finite simple groups is 
complete then, as a consequence of this, the doubly transitive groups of finite 
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degree must be of known type, and will occur in the table given in Section 2. 
Using this list, the conjecture of Hall can be established and, with the help of 
the more recent theorem of Cameron and Kantor [2], the following theorem 
can be deduced. 
THEOREM. Let S be a finite Steiner triple system and let G be an 
automorphism group of S that is doubly transitive on the points of S. Then 
either 
(a) S is a projective geometry PG(d, 2) of dimension d over GF(2) 
and G > PSL(d + 1,2) or G E A, acting on the 1.5 points of PG(3, 2); or 
(b) S is an affine geometry AG(d, 3) of dimension d over GF(3), and 
G contains the translation group of AG(d, 3). 
2. NOTATION AND ASSUMED RESULTS 
The terminology and notation used is standard and mostly that of 
Dembowski [3] and Wielandt [S], unless otherwise stated. In particular, if G 
is a permutation group on a set a, and A G 0, then G, denotes the pointwise 
. . 
stabihser of A m G, and G(,, denotes the global stabiliser of A in G. 
A Steiner triple system is an incidence structure of points .Y”, and subsets 
of points called blocks 3, such that any two distinct points are together on 
exactly one block, and any block is incident with exactly three distinct 
points. We will take 9 and 9 to be finite, and not allow repeated blocks. 
Then if we denote the number of points in 9 by v, S is a 2-(v, 3, 1) design, 
or, in the notation of Steiner systems, S is a S(2, 3, v). It follows easily from 
the definition that v z 1 or 3 mod (6). 
We will refer to the classification theorem for finite simple groups as C.T. 
or, more specifically, quoting Cameron [ 1, Hypothesis (S) p. 21: (S): A 
nonabelian finite simple group is an alternating group, a group of Lie type, 
or one of finitely many sporadic groups. 
The following results are also needed for the proof of the theorem. 
Result 1 (Hall [4, Theorem 3.1, p. 501). Let S be a Steiner triple system 
in which for every point c1 of S there is an involution that has (Y as its only 
fixed point. Then every triangle of points of S generates an S(2, 3, 9), i.e., an 
AG(2, 3). 
Result 2 (Hall [5, Theorem 4.5, p. 1361). If every triangle of a Steiner 
triple system S generates an S(2, 3, 9) and if S has an automorphism group 
doubly transitive on points, then S is an affine geometry AG(d, 3) for some 
d. 
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Result 3 (Cameron and Kantor [2, Theorem 1, p. 3841). If G < GL(n, s), 
n > 3, and G is 2-transitive on the set of points of PG(n - 1, q), then either 
G > SL(n, q), or G is A, inside SL(4,2). 
Result 4 (Key [6]: this result is obtained as a corollary to C.T.). Let G 
be a doubly transitive collineation group of the finite affine geometry 
AG(d, q) of dimension d over GF(q). Then G contains the translation group 
T of AG(d, q) except in the case (d, q) = (3, 2). T is the unique regular 
normal subgroup of G. 
Let G be a 2-transitive group on a finite set a. Then either (a) 
X = Socle(G) is the unique minimal normal subgroup of G, simple and 
nonabelian, and X< G < Am(X); or (b) G has a regular normal subgroup N, 
where N is elementary abelian of order p” = INI = / 0 1, and for any a E -0, 
G, acts on Q\{a} as a subgroup of the linear group GL(n,p), transitive on 
the nonzero vectors (see Shult [7, p. 2861 or Cameron [ 1, p. 81). 
TABLE I 
Case A: Nontrivial solvable radical 
1 RNS 1 Nl =ps, where p is a prime and N is the unique minimal normal 
subgroup of G 
Case B: Trivial solvable radical: X < G < Aut(X) 
2 A,, I7 
3 f=(n,qj 1+q+...+q”~‘,(n,q)#(2,2)or(2,3)n>l,qaprimepower 
4 Psu(3,q*) 1 t q3, > 2 4 
5 WI) 1 + q2, q = ZZm+ ‘, WI > 1 
6 *G,(q) 1 +q1,q=3*“+1,m> 1 
7 @(2% 2) 2”-1(2”- l),n>3 
8 &JG% 2) 2”-‘(2”+ l),n>3 
Case C: Trivial solvable radical: Exceptional cases 
9 A, 15 
10 WL(2,8) 28 
11 M,, 11 
12 Ml, 12 
13 M,,. Aut(M,,) 22 
14 M*, 23 
15 Mu 24 
16 PSL(2,llj 11 
17 M,, 12 
18 HS 176 
19 (.3) 216 
108 KEY AND SHULT 
Assuming C.T., then the 2-transitive groups of finite degree are of one of 
the types given in Table I, due to Shult [7, Table 1, p. 2881. See also the 
table given in Cameron [ 1, p. 81. 
Notes. (i) Other than those shown in the table, the following groups 
have more than one 2-transitive representation: PSL(2,4) z PSL(2,5) z A,; 
PSL(2, 7) z PSL(3,2); PSL(2, 9) = A,; PSL(4,2) E A,. 
(ii) The situation where Aut(X) is 2-transitive on Q and X is only l- 
transitive arises only for the case X= PSL(2, 8) acting on 28 points, i.e., 
type 10 in Table I. 
3. PROOF OF THE THEOREM 
Let G be an automorphism group of the Steiner triple system S, 2- 
transitive on the v points of S. We take v > 3, so that v > 7. 
Case a. Suppose G has a simple socle X. Since v is odd, the case 
mentioned in Note (ii) above does not arise, so we can assume that G itself 
is simple. Further, G has odd degree and G,,, fixes k > 3 points for any 
distinct a and p. 
Examining Table I, we can omit all groups that are triply transitive, thus 
leaving types 2, 3, 4, 5, 9 and 16 to consider. Type 2 can also be omitted 
since v > 7. 
If G = PSL(d, q), then for q > 2, G contains elements fixing exactly two 
points when d 2 2, except for d = 2 and q = 3 when v = 4 < 7. Thus this 
case can only occur for q = 2, and G acting on PG(d - 1, 2) in the required 
manner, except for d = 3 or 4 when G can act on 8 points. The latter cannot 
occur here since 2) is odd. Since the subgroup of PSL(d, 2) fixing 2 points 
fixes exactly 3 points, these fixed point sets of 2-point stabilisers of G are the 
projective lines of PG(d - 1,2) and at the same time comprise the set ZZ of 
blocks of S. Thus we have S = PG(d - 1,2) for d > 2, and G > PSL(d, 2) 
for this type, by Result 3. 
If G = PSU(3, q*) of degree 1 + q3 then q must be even, and q > 2. j G I= 
(q3 + 1) q3(q2 - 1)/t, where t = g.c.d.(q + 1, 3). Thus 1 G,,,] is odd, and thus 
Results 1 and 2 show that S = AG(d, 3) for some d. Now Result 4 can be 
used to rule out this case, since PSU(3, q*) is simple for q > 2. 
If G = Sz(q) of degree 1 + q* where q = 22mt’ and m > 1, then iG/ = 
(1 +q2)q2(q- > 1 and again we have / G,,, 1 odd, so that Results 1, 2, and 4 
rule out this case as well. G = A, acting on the 15 points of PG(3, 2) does 
occur, but type 11 does not, since 11 f 1 or 3 mod(6). 
This completes the case where G has a simple socle. 
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Case b. Suppose G has a regular normal subgroup N. Then j Nl =p” = 
) 9 1 = v for some odd prime p, and for any point (x of .Y”, G, acts as a linear 
group on the nonzero vectors of V,(p) in exactly the same way as it acts on 
.Y\{a}. We use induction on n to show that p = 3. 
For y1= 1, 2, =p, so G, acts transitivity on nonzero vectors of V,(p), i.e., 
1 G,I =p - 1. Thus G is sharply 2-transitive on points, and since 1 G/ is even, 
G contains an involution which must fix exactly one point of S. Transitivity 
of G implies the existence of such an involution for each point, so that 
Results 1 and 2 can be applied to obtain p = 3. S is a line in this case. 
Suppose the result true for u =pr, where Y < ~1. Let ,8 f a, and let F be 
the set of points of S that are fixed by G,,,. Then K forms a Steiner triple 
system, and is also a subspace of V,(p). So 3 < 1x1 =p” <p”. If Y = PZ, then 
G is sharply 2-transitive on points and we can use Results 1 and 2 again to 
obtain p = 3. 
Suppose r < n. The normaliser N&G,,,), and hence also G,, is 2- 
transitive on fl. If G,, has a regular normal subgroup then by the 
induction hypothesis p = 3 as required. Suppose G,, does not have a 
regular normal subgroup, and hence N n G,, = 1. Then G,,, must have a 
simple socle and thus must occur in the Table I. We have thus the 
possibilities as in Case a to consider. Only type 3 may arise since A, on 15 
points does not occur, due to 15 not being a prime power. Thus we have 
G,,, = P,SL(d + 1, 2) acting on PG(d, 2). Now G, is a linear group on 
V,(P), and so G, n G,, is a linear group on V,(p). Also, G, n G,,, 
contains a Frobenius group H of order 2d(2d - l), since the subgroup of 
transvections of PG(d 2) with centre cr has a normaliser containing a cyclic 
subgroup of order 2d - 1. Thus we obtain a representation H --$ GL(r,p). 
The representations of Frobenius groups are well known: any faithful 
representation of H must have degree a multiple of 2d - 1. Thus Y > 2d - 1, 
and also pr = 2d+ ’ - 1. Now if p > 5, then pr > 5’. Also Y > 2d - 1 implies 
that 2d < r + 1 and 2df ’ - 1 < 2(r + 1) - 1, i.e., pr = 2d+1 - 1 < 2r + 1. 
But p” > 5’ > 2r + 1 for r > 1, which is a contradiction. This case cannot 
occur, so we must have p = 3. 
Finally, with p = 3 and v = 3d, G, acts on Vd(3) in the same way on 
.?\{a} as on V,(3)\(0). Thus every triangle of points generates AG(2, 3) and 
S =AG(Q 3) by Result 2. That G contains the translation group follows 
from Result 4. 
This completes the proof of the theorem. 
Note. Case b was also covered by J. I. Hall in his M.Sc. dissertation 
(Oxford, 1973). 
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